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Abstract: Recently Sahoo and Sen obtained a series of remarkable results concerning
sub-leading soft photon and graviton theorems in four dimensions. Even though the S-
matrix is infrared divergent, they have shown that the subleading soft theorems are well
defined and exact statements in QED and perturbative Quantum Gravity. However un-
like the well studied Cachazo-Strominger soft theorems in tree-level amplitudes, the new
subleading soft expansion is at the order lnω (where ω is the soft frequency) and the corre-
sponding soft factors structurally show completely different properties then their tree-level
counterparts. Whence it is natural to ask if these theorems are associated to asymptotic
symmetries of the S-matrix.
We consider this question in the context of sub-leading soft photon theorem in scalar
QED and show that there are indeed an infinity of conservation laws whose Ward identities
are equivalent to the loop-corrected soft photon theorem. This shows that in the case of
four dimensional QED, the leading and sub-leading soft photon theorems are equivalent to
Ward identities of (asymptotic) charges.
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1 Introduction
In last few years there has been remarkable progress in our understanding of the symmetry
structure of gauge theories and gravity. This understanding is based on Strominger’s key
insight that soft theorems in these theories are manifestations of Ward identities of so-called
asymptotic symmetries. For theorems like Weinberg soft graviton theorem, this relationship
implies that BMS group is an exact symmetry of the (perturbative) Gravitational S-matrix
in four dimensions. However in four spacetime dimensions, the issue is more subtle when
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it comes to sub-leading soft theorems. This is because sub-leading soft theorems in QED
or in gravity are sensitive to the infrared structure of the S-matrix unlike the leading soft
theorems. In fact in [1] it was shown that sub-leading soft theorems in Gauge theories and
Gravity are infrared divergent. In this analysis it was assumed that the soft expansion
was a power series in ω and infrared modifications were then derived for the soft factors
in dimensional regularisation. In [2] Such modifications to the soft factors were beautifully
understood in terms of Ward identities. That is, it was shown that the same asymptotic
symmetries whose charges gave rise to tree-level soft theorems gave rise to infrared modified
soft theorems due to change in the Asymptotic charges at loop level.
In the seminal work [4], Sahoo and Sen have shown that if we do not insist on the power
series expansion in soft frequency, then, in four spacetime dimensions the subleading soft
theorems in QED and gravity have a markedly different structure to the corresponding
theorems in tree-level amplitudes. More in detail, it is by now well understood that tree
level S-matrix has a soft expansion which is a Laurent series in the soft frequency ω.
In fact, understanding of such tree-level soft theorems as Ward identities associated to
(Spontaneously broken) Asymptotic symmetries have been investigated in a large number
of recent works (see [5] and [6] for recent reviews). Sahoo and Sen have shown that once
loop corrections are taken into account, the situation changes rather drastically and the
soft expansion goes as 1ωS
(0) + lnω S(1) + . . . . In particular, in scalar QED, the soft
theorem is given by
Mn+1(p1, . . . , pn, k) =
[
1
ω
S(0) − lnω S(ln)
]
Mn(p1, . . . , pn) + . . . (1.1)
where S(0) is the Weinberg soft factor and the loop-corrected soft factor S(ln) is given
by
S(ln) =
∑
a,b
f1(pa, pb) + f2(pa, pb) (1.2)
with
f1(pa, pb) =
−i
4π q
2
aqb m
2
am
2
b
ǫµ (p
µ
ap
ρ
b − pρapµb )kρ
[(pa·pb)2 − m2am2b ]
3
2
if both (a,b) are in-coming or outgoing
= 0 otherwise,
f2(pa, pb) =
[
− q2aqb
8π2
ln[
pa·pb +
√
(pa·pb)2 − m2am2b
pa·pb +
√
(pa·pb)2 − m2am2b
]
m2am
2
b
{(pa·pb)2 − m2am2b}
3
2
{
−ǫ · pb + ǫ·pak·pa k · pb
}
+ q
2
aqb
4π2
pa·pb
( (pa·pb)2 − m2am2b )
+
{
−ǫ · pb + ǫ·pak·pa k · pb
}]
for all pairs of particles, (a,b)
(1.3)
where ǫµ is the polarization of the soft photon with momentum k. In [4], the authors
referred to
∑
a,b f1(pa, pb) as classical soft factor since the lnω term in the soft expansion
of classical electromagnetic radiation is dictated by this factor.
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If the infinite dimensional asymptotic symmetries are symmetries of perturbative QED
as opposed to tree-level S matrix, then it must be so that the logarithmic sub-leading soft
photon theorem is equivalent to the corresponding Ward identities. In this paper, we take
a first step towards understanding such symmetries in the Quantum (as opposed to tree-
level) regime. Namely, we show that even in perturbative QED beyond tree-level there
exist an infinite number of charges (that we refer to as sub-leading charges) which are
conserved in the sense that the charge at the asymptotic past equals the charge at the
asymptotic future. Even though the structure of log-corrected sub-leading soft photon
theorem is rather involved, rather remarkably it turns out the Ward identities associated
to quantized sub-leading charges are equivalent to the sub-leding soft photon theorem.
This is our main result. We also show that the our entire formalism (although not aimed
to cure infra-red divergences of the S matrix) is such that the sub-leading charges have a
rather direct relationship with Kulish-Faddeev dressing of charged states.
The plan of the paper is as follows. We first show that the subleading soft photon
theorem in tree-level scattering amplitudes in scalar QED is equivalent to Ward identities
associated to symmetries which are parametrized by vector fields on S2. We then show
that the asymptotic charges associated to these symmetries get corrected at loop level and
derive the charges. As is always the case, this charge is a sum of a so-called soft charge and
a hard charge which depends on the three point coupling of matter with the asymptotic
gauge field. Unlike the tree-level soft charge, the soft charge in the present case is such that
it isolates the lnω frequency mode in the soft expansion. We show how the Ward identities
associated to these charges are equivalent to the subleading soft photon theorem derived
by Sahoo and Sen. As these theorems are 1-loop exact, our analysis reveals that there are
infinity of conserved charges in perturbative scalar QED, one of which generate large U(1)
gauge transformation and the other parametrized by vector fields on the celestial sphere.
2 Anatomy of fall-offs and Asymptotic charges
The essential steps in which we are led to different Asymptotic conditions for gauge fields
and matter currents are summarized below. Our summary here is brief and necessarily
qualitative as we would like to give a coherent picture of the Asymptotics at time-like and
Null infinity. Details of the structure presented below are in the main body of the paper.
• We start with the basic observation that Coulombic modes of scalar potential Aτ
decay as 1τ at late times. (Here τ parametrizes asymptotic proper time of time-like
geodesics.)
• Due to this slowly decaying Coulombic mode, Asymptotic behaviour of scalar field
at late times is modified such that the spatial matter current components decay as
ln τ
τ3
.
• This logarithmic decay of current components implies that the Maxwell fields (e.g.
Electric field) decays as 1τ
~A(y) + ln τ
τ2
~B(y) at large τ with y being the co-ordinates
on fixed time slice.
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• The behaviour of Maxwell fields near time-like infinity can be used to determine the
fall-off conditions of these fields in the future of Null infinity. In particular, the above
mentioned late time decay of Maxwell fields, along with Maxwell’s equations can be
used to determine |u| → ∞ behaviour of the radiative data AA(u, xˆ) at Null infinity
and is given by
0
AA +
1
|u|
1
AA.
• The above fall-off of radiative data at large u implies that in addition to infinity of
leading charges, one has an infinity of non-trivial “sub-leading” charges which are
defined at u = −∞ in terms of
1
AA(xˆ).
• We then show that similar sub-leading charges are also non-trivial at v = +∞ on
the boundary of past Null infinity and in fact due to Equations of motion of the
theory at spatial infinity imply that these two sets of charges are equal, leading to
new set of conservation laws.
3 Asymptotics of classical electrodynamics at time and null infinities
3.1 Fall-offs at time-infinity
Massive charged fields decay very rapidly (O( 1r∞ )) at null infinity [8] and hence their
asymptotic modes are best described by analysing their behaviour at time-like infinity.
Details of this construction were given in [9] and here we summarise the key aspects of the
construction.
In the usual conformal compactification scheme of Penrose, future and past time-like
infinities i± are points and as such they are ill suited to understand late time decay of
massive fields. A better arena for this purpose is “a blow up of i±” which is a three
dimensional space-like hyperboloid.
This hyperboloid picture is manifest in the following coordinates adapted to time
infinity,
τ :=
√
t2 − r2, ρ := r√
t2 − r2 (3.1)
in terms of which the Minkowski line element takes the form
ds2 = −dτ2 + τ2hαβdyαdyβ (3.2)
where yα = (ρ, xA) are coordinates on the ‘time-infinity’ hyperboloid with metric
hαβdy
αdyβ =
dρ2
1 + ρ2
+ ρ2γABdx
AdxB , (3.3)
and γAB the unit-sphere metric. We will denote by
Y µ = (
√
1 + ρ2, ρxˆ) (3.4)
the unit vector on Minkowski space parametrized by yα. A spacetime point xµ in hyperbolic
coordinates is then written as
xµ = τY µ (3.5)
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For concreteness we will focus on future time infinity but similar considerations apply to
past time infinity.
In Lorenz gauge, the fall-offs of Maxwell fields (sourced by massive charged matter) at
time-like infinity are given by1
Aτ = 1τAτ + · · ·
Aα = Aα + · · · , (3.6)
where the dots denotes terms that are subleading for τ →∞. In [9] it was shown that these
fall-offs imply that the τ → ∞ asymptotics of the scalar field ϕ has a ln τ phase relative
to the free field expression, i.e. the solution to the field equations of a charged scalar field
coupled to the Maxwell field has the following fall-off at future time-like infinity i+,
ϕ(τ, y)
τ→∞
= eie ln τAτ (y)ϕfree(τ, y) (3.7)
where the free field admits the expansion
ϕfree(τ, y) =
√
m
2(2πτ)3/2
(
b(y)e−iτm + c∗(y)eiτm
)
+ · · · . (3.8)
As we shall discuss in section 7, in quantum theory the asymptotics (3.7) corresponds
to the Kulish-Faddeev asymptotics of quantum charged fields [10]. As is common in the
literature, we call the logarithmic phase the “dressing”, and refer to the field (3.7) as the
“dressed field”.
The asymptotic form of the dressed field implies the following τ →∞ fall-offs for the
matter current,
jτ (τ, y) =
1
τ3
0
jτ (y) +
ln τ
τ4
ln
j τ (y) +
1
τ4
1
jτ (y)
jα(τ, y) =
ln τ
τ3
ln
j α(y) +
1
τ3
0
jα(y) + . . . .
(3.9)
These in turn dictate the asymptotic fall-offs of Fab at time-like infinity. The τ → ∞
asymptotic expansion compatible with (3.6) and (3.9) is found to be given by
Fτα(τ, y) =
1
τ
0
F τα(y) +
ln τ
τ2
ln
F τα(y) + . . . (3.10)
Fαβ(τ, y) =
0
Fαβ(y) +
ln τ
τ
ln
Fαβ(y) + . . . . (3.11)
We can now solve Maxwell equations at each order in the 1τ and
ln τ
τ expansion. It is
straightforward to check that for the leading components
0
F ab we get equations which are
independent of the ln τ terms in the current,
Dα
0
F τα =
0
jτ
Dβ
0
Fαβ = 0,
1The 1/τ fall-off of the scalar potential Aτ is a Coulomb effect and can be deduced from the fact that
when sourced by massive particles with asymptotic constant velocities, the 1
r
potential decays as 1/t ∼ 1/τ .
See e.g. [10].
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where Dα is the covariant derivative on the hyperboloid. For the
ln
F ab terms Maxwell
equations take the form
∂[α
ln
F βγ] = 0, ∂α
ln
F τβ − ∂β
ln
F τα +
ln
Fαβ = 0, Dα
ln
F τα =
ln
j τ , Dβ
ln
Fαβ −
ln
F τα =
ln
j α (3.12)
whereas current conservation ∇aja = 0 implies
ln
j τ (y) +Dα
ln
j α(y) = 0. (3.13)
Using the above equations it can be shown that
ln
F τα is determined in terms of the ln-
currents as [D2 + 1] lnF τα = lnj α + Dαlnj τ . (3.14)
We now note that all the terms proportional to ln τ in the matter current arise due to
the ln τ term of the asymptotic matter field. In an expansion in the coupling constant e,
these terms are necessarily higher order as compared to the leading order current. Whence
if we are also interested in the expansion in the coupling constant, then at leading order in
the coupling we can ignore the log terms and all the components of the currents admit a
power-law fall off. As we will see in section 4, these “O(e) fall-offs” lead to the conserved
asymptotic charges associated with Low’s soft photon theorem in tree-level amplitudes.
3.2 O(e) fall-offs at time and null infinities
At O(e) in the coupling constant, the current can be computed from the free scalar field
with no dressing accompanying it. In this case we have
jτ (τ, y) =
1
τ3
0
jτ (y) +
1
τ4
1
jτ (y) + · · · (3.15)
jα(τ, y) =
1
τ3
0
jα(y) +
1
τ4
1
jα(y) + · · · (3.16)
where as before, y denotes a point on the time-infinity hyperboloid.
Such power-law fall-offs for the current imply the field Fab also falls off as a Laurent
series in 1τ obtained by setting all the log terms in Eq.(3.10) to zero:
Fτα(τ, y) =
1
τ
0
F τα(y) +
1
τ2
1
F τα(y) + · · · (3.17)
Fαβ(τ, y) =
0
Fαβ(y) +
1
τ
1
Fαβ(y) + · · · . (3.18)
Maxwell’s equations and Bianchi identities once again determine
n
F ab in terms of matter
currents
n
ja. In particular, the subleading field
1
F τα satisfies [11][D2 + 1] 1F τα = 0jα + Dα1jτ , (3.19)
where
1
jτ = −Dα
0
jα (3.20)
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from current conservation. These equations imply that the ρ → ∞ behavior of the
1
F ab
fields is given by (see Appendix A)
1
F τA(ρ, xˆ) = ρ
−11,0F τA(xˆ) + · · · (3.21)
1
F τρ(ρ, xˆ) = ρ
−41,0F τρ(xˆ) + · · · (3.22)
with
−
1,0
F τρ +D
A
1,0
F τA = 0, (3.23)
where we assumed that
1
jτ (ρ, xˆ) and
1
jα(ρ, xˆ) vanish sufficiently fast for ρ→∞ so that we
can use the free field equations in this limit.
We now discuss what these fall-offs imply at null-infinity. As we shall see, the asymp-
totic behaviour of the fields from the perspective of time-like infinity dovetails perfectly
with the “tree-level” fall-offs of radiative fields at future null infinity I+ discussed in [11].
Recall that near future null-infinity, Maxwell fields are expanded in inverse powers of
r, with the coefficients of the expansion being functions of retarded time u = t − r. For
instance,
FrA(r, u, xˆ) = 1
r2
0
F rA(u, xˆ) +O(1/r
3). (3.24)
Maxwell equations can then be solved recursively in terms of the ‘free data’ AA(u, xˆ), the
transverse gauge potential at I+.
In [11] it was shown that corresponding to the tree-level soft expansion of the photon
field, the free data at I+ has u → ±∞ fall-offs such that ∂uAA(u, xˆ) decays faster than
any power of 1/u,
AA(u, xˆ)
|u|→∞
= O(1) +O(1/|u|∞). (3.25)
This in turn determines the u → ∞ fall-offs for
0
F ab(u, xˆ),
1
F ab(u, xˆ), etc. For instance,
using the leading Maxwell equations ∇bFub = 0, ∇bFAb = 0:
∂u
0
F ru + ∂uD
AAA = 0
∂u
0
F rA +
1
2DA
0
F ru −DBD[AAB] = 0
(3.26)
one can easily show that (3.25) implies
0
F rA(u, xˆ)
u→±∞
= u
0,0
F±rA(xˆ) +
0,1
F±rA(xˆ) +O(1/u∞) (3.27)
where the coefficients appear as ‘integration constants’ when solving the field equations.
Now, the celestial sphere on I+ at u = ∞ can be thought of as the ρ→∞ boundary
of the asymptotic hyperboloid at τ = ∞. In particular, given the asymptotic expansion
at large τ we can derive corresponding u → ∞ fall-offs at null infinity. Using an analysis
exactly analogous to the one in [11]2 it can be shown that the O(e) fall-offs given in (3.17)
2There the analysis related fields at the (future) boundary of spatial infinity with with fields at u = −∞.
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imply the fall-offs (3.27) at null infinity. Furthermore, the ‘integration constants’ in (3.27)
are determined in terms of the asymptotic fields at time-like infinity. In particular one
finds
0,1
F+rA(xˆ) =
1,0
F τA(xˆ), (3.28)
where
1,0
F τA(xˆ) is the leading ρ→∞ coefficient of
1
F τA(y) as defined in Eq. (3.21).
3.3 Fall-offs at null infinity
As we saw in the previous subsection, ignoring logarithmic terms (which were higher order
in the coupling constant) in the matter fields was tantamount to considering the O(e)
expansion of radiative fields at null infinity. We now consider the full τ →∞ asymptotics
including logarithmic terms, and study its implications at null-infinity.
We again focus on FrA. Starting from the fall-offs at time-infinity (3.10), and changing
coordinates from (τ, ρ) to (r, u) one finds
FrA = ln r
r2
ln
F rA +
1
r2
0
F rA + · · · (3.29)
with
ln
F rA
u→∞
= O(u0) and
0
F rA(u, xˆ)
u→∞
= u
0,0
F+rA(xˆ) + lnu
0,ln
F+rA(xˆ) +O(u
0). (3.30)
There are thus two modifications from the previous asymptotics: (1) a ln r/r2 term in FrA
and (2) a lnu term in
0
F rA. The first modification does not play much of a role: The field
equations at null infinity imply this term is u-independent,
∂u
ln
F rA = 0, (3.31)
The second modification can be understood as a change in the u→∞ fall-offs of the free
data AA(u, xˆ), from (3.25) to
AA(u, xˆ)
u→∞
= O(1) +O(1/u) + · · · . (3.32)
The appearance of a O(1/u) ‘tail’ is in agreement with the expected asymptotics of radiated
fields due to classical scattering particles [3], which in turn corresponds to a lnω subleading
term in the low frequency expansion [4]. Thus, the null-infinity asymptotics (u → ∞)
that we find may be thought of as giving “loop-corrected” fall-offs.
In fact, one can argue that AA(u, xˆ) obeys the same fall-offs as u → −∞. This is
because, in a generic (classical) scattering, charged particles accelerate under Coulombic
drag in the infinte past as well. Due to this, early time radiation (in (u, r, xˆ) co-ordinates)
has the same asymptotics as late time radiation. We thus see that Eq.(3.32) can be extended
to
AA(u, xˆ)
u→−∞
= O(1) +O(1/u) + · · · . (3.33)
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We also note that the coefficient
0,ln
F+rA in (3.30) is not an integration constant at u = +∞
and hence can not be easily determined in terms of the asymptotic fields at time-infinity.
In appendix A.2 we show that using matter currents at time-infinity this mode can be
written as
0,ln
F+rA(xˆ) =
1
8π
∫
d3y (−q · Y )−3LµνA (xˆ) Jαµν(y)
ln
jα(y) (3.34)
where qµ = (1, xˆ) and Jαµν and L
µν
A are angular momentum components defined at the
asymptotic hyperboloid and celestial sphere respectively. See appendix A.2 for details.
4 Revisiting the subleading charges of QED with massive particles
In [13] it was shown that the subleading soft photon theorem was equivalent to a new class of
infinite-dimensional symmetries parametrized by vector fields on the sphere. However this
analysis was restricted to tree-level scattering amplitudes. Moreover the charged particles
were assumed to be massless. The generalization to massive particles was given recently
in [14]. In this section we review the construction of these “subleading” charges in the
presence of massive particles. Our discussion will be along the lines of [11].
The interest in the massive case is more then a mere technical complication as the loop-
corrected log ω subleading soft photon theorem trivializes for massless charged particles [4].
Whence to understand the loop corrected soft theorem as Ward identities it is useful to
first consider the tree-level case with massive charged particles.
4.1 Subleading charge
Assuming the O(e) fall-offs (3.25), the (future) subleading charge defined in [13] can be
written as [11]3
Q[V ] =
∫
I+−
d2xˆV A(xˆ)
0,1
F−rA(xˆ) (4.1)
where I+− denotes the u = −∞ sphere at future null infinity, V A(xˆ) is the vector field
parametrizing the charge, and
0,1
F−rA(xˆ) is the O(u0) coefficient of
0
F rA(u, xˆ) at u → −∞,
given in Eq. (3.27).
Analogous charge is defined at I−+ (the v = +∞ sphere at past null infinity) such that
their equality is equivalent to the subleading soft photon theorem [13]. In [11] this equality
was shown to be a consequence of field equations at spatial infinity under the assumption
of O(e) fall-offs (3.25) on both past and future null infinities.
The analysis of [11] was for the case of massless charged particles and whence the
matter contribution to the charge defined above was localised at null infinity. In this
3In [11, 15] the charge is parametrized in terms of two scalars that smear the O(u0) coefficients of
1
F ru and its Hodge-dual
1
F˜ ru. The ‘purely electric’ charge can be interpreted in terms of O(r) large gauge
transformations. The two descriptions are related through Maxwell equations:
1
F ru = −D
A
0
F rA,
1
F˜ ru =
ǫABDA
0
F rB.
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section we generalise this derivation to our case of interest where the charged particles are
massive. This will illustrate how tree-level (subleading) soft theorem is manifestation of
Ward identities associated to the subleading charges defined in (4.1).
Hence, we want to write the charge Q[V ] as a sum of a soft charge and a hard charge,
as in [13]. As the scattering particles are massive, we know that the hard charge will be
localised at time-like infinity (i.e. at u = ∞) and the soft charge will be a flux at null
infinity. More in detail, we aim to rewrite Q[V ] as
Q[V ] = Qhard[V ] + Qsoft[V ] (4.2)
where Qhard[V ] is integrated over the sphere at u = ∞ and Qsoft[V ] is the soft charge
integrated over I+. From Maxwell equations at null infinity (3.26) one finds [13]
0,1
F−rA(xˆ) = lim
u→−∞
[
0
F rA(u, xˆ) + u
(1
2
DA
0
F ru(u, xˆ)−DBD[AAB](u, x)
)]
(4.3)
The above expression can be trivially re-written as
0,1
F−rA(xˆ) = lim
u→+∞[· · · ]−
∫ ∞
−∞
du∂u[· · · ] (4.4)
where “[· · · ]” denotes the expression in square brackets in (4.3). The first term is just the
O(u0) coefficient of
0
F rA at u→∞:
lim
u→+∞[· · · ] =
0,1
F+rA(xˆ). (4.5)
This yields the hard charge.
Using Maxwell equations (3.26), the integrand in the second term can be written as
−∂u[· · · ] = u∂u
(
1
2
DAD
BAB +D
BD[AAB]
)
. (4.6)
The expression can be further simplified if written in terms of stereographic coordinates
(z, z¯). For A = z it reduces to
− ∂u[· · · ] = u∂uDzDz¯Az¯ (4.7)
Summarizing, the charge (4.1) can be written as
Q[V ] = Qhard[V ] +Qsoft[V ] (4.8)
where
Qhard[V ] =
∫
I++
d2xˆ V A
0,1
F+rA (4.9)
Qsoft[V ] =
∫
I+
d2xˆdu V zu∂uDzD
z¯Az¯ + (z ↔ z¯) (4.10)
– 10 –
We finally would like to express (4.9) as an integral over i+ involving the current. For
this we use Eq. (3.28) and Maxwell’s equation to express
1
F τA in terms of the matter
current as follows.
Let Gβα(y; y′) be the Green’s function for the Poisson-type equation (3.19),
1
F τα(y) =
∫
d3y′Gβα(y; y′)
0
jβ(y
′) (4.11)
and let GβA(y
′; xˆ) be its leading ρ→∞ asymptotic value,
GβA(ρ, xˆ; y′)
ρ→∞
= ρ−1GβA(y
′; xˆ) + . . . (4.12)
Then
1,0
F τA can be written as
1,0
F τA(xˆ) =
∫
d3y′
0
jβ(y
′)GβA(y
′; xˆ). (4.13)
We now use GβA as a ‘boundary to bulk’ Green’s function for V
A to define a hyperboloid
vector field4
V β(y′) :=
∫
d2xˆ GβA(y
′; xˆ)V A(xˆ) (4.14)
In terms of this vector field, the charge (4.9) can finally be written as
Qhard[V ] =
∫
d3y′V β(y′)
0
jβ(y
′). (4.15)
In appendix A we evaluate Gβα(y; y′) and GβA(y′; xˆ), and show that
GβA(y; qˆ) =
1
8π
(−q · Y )−3Jβµν(y)LµνA (qˆ) (4.16)
where Jβµν(y) and L
µν
A (qˆ) are the angular momentum generators on the hyperboloid and
sphere respectively.
Thus, to summarise, the total charge Q[V ] at future infinity is
Q[V ]|+ =
∫
i+
d3y′V β(y′)
0
jβ(y
′) +
∫
I+
d2xˆdu V zu∂uDzD
z¯Az¯ + (z ↔ z¯) (4.17)
We can write the charge at past infinity in exactly analogous fashion.
The infinity of conservation laws parametrized by V A are then given by
Q[V ]|I+∪ i+ = Q[V ]|I−∪ i− (4.18)
In the next section we evaluate the correspondingWard identities for tree-level S matrix
and show that they are equivalent to subleading soft photon theorems (for both helicities)
in scalar QED.
4Note that GβA consists of G
ρ
A and G
B
A which collectively map the vector field on the celestial sphere to
a vector field tangential to the asymptotic hyperboloid.
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4.2 Ward identities and tree level soft theorem
We will for simplicity consider vector fields such that V z¯ = 0 (corresponding to negative
helicity subleading soft photon theorem). In order to evaluate the S matrix Ward identity,
we first need to express Q[V ] in terms of Fock operators. For the soft charge, this is done
by writing it in frequency space as [13]
Qsoft[V ] = lim
ω→0
∂ωω
∫
d2z V z(z, z¯) D2zAz¯(ω, z, z¯), (4.19)
and then expressing Az¯(ω, z, z¯) in terms of photon Fock operators.
As seen in the previous section, the hard charge is given by
Qhard[V ] =
∫
d3y V α(y)
0
jα(y) (4.20)
with
V α(y) =
1
8π
∫
d2qˆ(−q · Y )−3Jαµν(y)Lµνw (qˆ)V w(qˆ). (4.21)
Thus, to quantize Qhard[V ] we need to evaluate the asymptotic current
0
jα in terms of
asymptotic fields.5 The τ →∞ asymptotics of the free massive field (3.8) yields
0
jα =
iem
4(2π)3
( b∂αb
∗ − b∗∂αb )− ( b↔ c ). (4.22)
The quantum charge is then defined in terms of Fock operators b, b†, c, c† by a normal or-
dered version of (4.22). From the commutator of the Fock operators (written in hyperbolic
coordinates)
[b(y), b†(y′)] =
2(2π)3
m2
δ(3)(y, y′), (4.23)
one immediately finds that the action of hard charge on scattering states can be evaluated
using
[b(y), Qhard[V ]] = −i emV α(y)∂αb(y)
[c(y), Qhard[V ]] = +i emV
α(y)∂αc(y)
(4.24)
Thus, the Ward identity Q[V ]|+S = SQ[V ]|− between given in and out states takes the
form
1
4π
lim
ω→0
∂ωω
∫
d2wV wD2w
√
2
(1 + |w|2)MN+1(ω) = −
e
m
∑
V α∂αMN (4.25)
where we have used Aw¯(ω, qˆ) =
1
4πi
√
2
(1+|w|2)a−(ωqˆ) [19] and written the RHS for the case of
positive outgoing charges (negative or incoming will have relative minus signs).
On the other hand, for tree level amplitudes, the subleading soft photon theorem can
be written as
lim
ω→0
∂ω(ωMN+1(ω)) =
∑
S(1)(q, y)MN (4.26)
5We remind the reader that in this section we are considering O(e) fall-offs of the fields and hence the
matter field is taken to be free at late times.
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where S(1)(q, y) is the differential operator
S(1)(q, y) =
e
m
(q · Y )−1ǫµ−qνJαµν(y)∂α (4.27)
(as in (4.25), in (4.26) we are also parametrizing the spatial components of hard momenta
by points yα on the hyperboloid).
To go from the soft theorem (4.26) to the Ward identity (4.25) we smeared both sides
of (4.26) by
1
4π
∫
d2wV wD2w
√
2
(1 + |w|2) , (4.28)
so that the left hand sides coincide. The right hand side then coincide thanks to the
identity6
D2w
( √
2
(1 + |w|2)S
(1)(q, y)
)
=
e
2m
√
γ(q · Y )−3Lµνw Jαµν∂α (4.29)
To go in the reverse order, consider the kernel [13]
Kzw¯ :=
1
2π
(1 + zz¯)
(1 + ww¯)
(w − z)
(w¯ − z¯) (4.30)
which satisfies the identities
D2zK
z
w¯ = δ
(2)(w, z) (4.31)
D2wK
z
w¯ = δ
(2)(w, z) (4.32)
If we now take the Ward identity (4.25) for the vector field
V w := 4π
(1 + |w0|2)√
2
Kww¯0 (4.33)
then, by virtue of (4.31), the LHS of (4.25) becomes the LHS of (4.26) for a soft photon
with direction w0. Using (4.29) to express the RHS of (4.25) one easily recovers the RHS
of (4.26) thanks again to (4.31).
5 Defining Q[V ] with general fall-offs
Now that we have warmed up by showing equivalence between tree-level subleading soft
theorem and Ward identities associated to the subleading charges (which are conserved
assuming O(e) fall-offs), we extend the above definition of subleading charges and corre-
sponding conservation laws for general fall-offs and quantize the corresponding charges.
This will lead us to Ward identities which are equivalent to Sahoo-Sen subleading soft
photon theorem.
6As a consistency check of the formulas, one can compute the m → 0 limit of (4.29) from Eq. (A.17),
by regarding the m→ 0 limit as ρ = p/m→∞ with p =const. Doing so one recovers the m = 0 identitity
D2w
( √
2
(1+|w|2)S
(1)(q, p)
)
= 2pie
p
δ(2)(xˆ, qˆ)∂z + . . . which corresponds to Eq. (4.32).
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In the previous section, the subleading charge was defined in terms of
0,1
F−rA(xˆ) (Eq.
(4.1)). For the general fall-offs we claim the subleading charge is defined in terms of
0,ln
F−rA(xˆ), with this coefficient defined in Eq.(3.30). We claim the charge is conserved in
the sense that
0,ln
F−rA(xˆ)|I+ =
0,ln
F+rA(xˆ)|I− (5.1)
where
0,ln
F+rA(xˆ)|I− is the analogue coefficient at past null infinity. The conservation (5.1)
can be shown by studying the field equations at spatial infinity, along the same lines as in
the case of the O(e) fall-offs [11].
Our strategy for writing the charge as a sum of soft and hard charges is the same as
in the previous section. Whence we first rewrite
0,1
F−rA(xˆ) as an integral over null infinity
plus a boundary term at u = +∞,
0,ln
F−rA(xˆ) = − lim
u→−∞u
2∂2u
0
F rA =
∫
du∂u(u
2∂2u
0
F rA) +
0,ln
F+rA(xˆ). (5.2)
We will for simplicity focus on the A = z component. The term at null infinity can be
expressed in terms of the free data through the field equations
∂2u
0
F rz = −DzDz¯∂uAz¯. (5.3)
We then define
Q[V ] := −
∫
d2xˆV z
0,ln
F−rz(xˆ) =: Qsoft[V ] +Qhard[V ]. (5.4)
The soft charge is given by7
Qsoft[V ] =
∫
d2zV zD2z∂uu
2∂uAz¯ = lim
ω→0
∂ωω
2∂ω
∫
d2zV zD2zAz¯(ω, z, z¯) (5.5)
This has the same angular form as the tree-level soft charge, but with the ω factors now
isolating a O(lnω) coefficient in the ω expansion!8 The hard charge is given by
Qhard[V ] = −
∫
d2xˆV z
0,ln
F+rz(xˆ), (5.6)
which, using Eqs. (3.34) and (4.21) can be written as
Qhard[V ] = −
∫
d3yV α(y)
ln
j α(y) (5.7)
with V α(y) defined as before, Eq. (4.21).
7Here we used the identity ω∂2ωω = ∂ωω
2∂ω.
8More in detail: limω→0 ∂ωω2∂ω (
−1
f
ω
+ lnω
ln
f +O(ω0)) =
ln
f
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We finally discuss the form of
ln
j α(y) in terms of the asymptotic Fock operators. From
Eq.(3.7) we have
jα(τ, y)
τ→∞
= ln τ2e2∂αAτ (y)|ϕfree(τ, y)|2 (5.8)
Using the expression (3.8) for the free field in terms of Fock operators we then find
ln
j α(y) =
me2
2(2π)3
[b†(y)b(y) + c†(y)c(y)]∂αAτ (y) (5.9)
=
e2
m
n(y)∂αAτ (y) (5.10)
where n(y) = m
2
2(2π)3
[b†(y)b(y) + c†(y)c(y)] is the number density operator and Aτ (y) is a
sum of two terms
Aτ (y) = A
j
τ (y) +A
hom
τ (y) (5.11)
such that
D2Ajτ = −
0
jτ , D2Ahomτ = 0. (5.12)
Thus Ajτ (y) is the asymptotic scalar potential sourced by the charged matter current and
Ahomτ is a homogeneous piece that, as we will see depends on the soft mode of the photon
field.
We first analyse Ajτ (y). By solving the asymptotic Maxwell equations one can write
0
Aτ in terms of
0
jτ as [12]:
Ajτ (y) =
1
4π
∫
d3y′
( Y · Y ′√
(Y · Y ′)2 − 1 + 1
)0
jτ (y
′), (5.13)
where
0
jτ is given by
0
jτ (y
′) =
m2e
2(2π)3
[−b†(y′)b(y′) + c†(y′)c(y′)]. (5.14)
We now analyse Ahomτ (y).
9 Understanding this term is subtle since we expect the homo-
geneous part of the scalar potential Aτ falls as 1τ2 implying Ahomτ (y) = 0. As we show
below, a detailed analysis of Ahomτ (y) reveals that it is fixed by a “mode” of AA(u, xˆ) which
behaves as lnu
ln
AA(xˆ). However, as can be seen from Eq. (3.32), this mode is absent in
the classical theory (the presence of such term would yield an infinite angular momentum
flux [16]). Rather remarkably this term turns out to be non-trivial in quantum theory and
contributes to the quantized charge.
In order to discuss the relation between the u → ∞ and τ → ∞ asymptotics it is
convenient to work in a representation of Aµ used by Herdegen [16]: A general solution of
free Maxwell equations in Lorentz gauge may be written as
9An alternative description of Ahomτ (y) in terms of Kulish-Faddeev fields is given in section 7.
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Aµ(x) = − 1
2π
∫
d2qˆΩ−1DA(Ωqµ)A˙A(−q · x, qˆ), (5.15)
where A˙A(u, qˆ) ≡ ∂uAA(u, qˆ) is the u-derivative of the radiative data at future null infinity,
qµ = (1, qˆ), and Ω = Ω(qˆ) = (1 + zz¯)/
√
2.10
Expression (5.15) can now be used to relate the u→∞ with τ →∞ asymptotics in a
straightforward manner.
It says that the τ →∞ decay of Aµ is dictated by the u→∞ decay of ∂uAA(u, qˆ). Here
we note that if our radiative data were as in Eq.(3.32), we would have ∂uAA(u, qˆ) = O(1/u
2)
and so Aµ = O(1/τ2) as expected. Whence a O(τ−1) term is associated to a log u piece in
the radiative data:
AA(u, xˆ)
u→∞
=
ln
AA(xˆ) log u+ . . . (5.16)
The time-infinity contribution from such logarithmic term can be obtained by substituting
(5.16) in (5.15) and taking x = τY . For Aτ ≡ Y µAµ we get
Aτ = − 1
2π
∫
d2qˆΩ−1DA(ΩY · q)
ln
AA(qˆ)
(−τY · q) + . . . =
1
τ
Ahomτ + . . . (5.17)
with
Ahomτ = −
1
2π
∫
d2qˆ log(−Y · q)DA
ln
AA(qˆ) + (y-independent) (5.18)
where the y-independent term is − 12π
∫
d2qˆ ln(Ω)DA
ln
AA. In the following we will ignore
such term since it is irrelevant for the current
ln
jα ∼ ∂αAτ .
Whence the total hard charge Qhard[V ] is given by
Qhard[V ] := Qhardj [V ] + Q
hard
hom [V ] (5.19)
with
Qhardj [V ] = −
∫
d3yn(y) V α(y)∂αA
j
τ (y)
Qhardhom [V ] = −
∫
d3yn(y)V α(y) ∂αA
hom
τ (y)
(5.20)
In the next section we quantize the hard charge Qhard[V ]. We conclude this section by
noting that
• Quantization of Qhardj [V ] in Eq.(5.20) is rather straightforward as it is a quartic
operator in charged scalar field as can be seen from Eq. (5.13).
• As we will see in the next section and in contrast to the tree level hard charge,
the quantum Qhard[V ] has a non-trivial contribution from the gauge field mode at
u = +∞, encoded in the non-trivial quantum operator corresponding to Qhardhom [V ] .
10Herdegen gives a more generic expression for Aµ(x) parametrized by different choices of (residual) gauge
transformations. We have fixed the residual gauge and chosen a given Ω such that Fourier transform of
Aµ(x) matches with the standard expressions in Lorenz gauge [5]. See section 7 for further details.
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5.1 Deriving Qhardhom [V ]
We now discuss the quantization of Qhardhom [V ]. As is clear from Eq.(5.20), this entails
quantizing
ln
AA(xˆ). Before going into the technicalities, let us summarise the final result:
ln
AA(xˆ) is given by the linear combination of soft Fourier modes,
ln
Az =
i
8π2
√
2
1 + zz¯
lim
ω→0+
ω(a+(ω, xˆ)− a†−(ω, xˆ)). (5.21)
We start with some observations regarding the relation between |u| → ∞ and |ω| → 0
fall-offs for a class of functions. Consider a function f(u) with Fourier transform
f˜(ω) =
∫
f(u)eiωudu. (5.22)
If f(u) has the u→ ±∞ asymptotics
f(u)
u→±∞
= c± + · · · (5.23)
then its Fourier transform satisfies11
f˜(ω)
ω→0
= c+
i
ω + iǫ
− c− i
ω − iǫ + · · · (5.24)
= (c+ − c−)iP 1
ω
+ (c+ + c−)πδ(ω) + · · · (5.25)
In all expressions the dots denote subleading terms whose precise form will not matter
for the present discussion. (For the radiative data of interest the subleading term in u is
O(1/u) corresponding to a O(logω) term in frequency [3].)
From (5.25) we see we can write
c+ − c− = −i lim
ω→0
ωf˜(ω), (5.26)
Note that in Eq. (5.26) it does not matter whether ω approaches zero from above or
below. In quantum theory however, the ω → ±0 limits are different since they involve
either creation of annihilation operators.
We now consider the positive/negative frequency decomposition for f(u):
f(u) = f+(u) + f−(u) (5.27)
where
f+(u) =
∫ ∞
0
dω
2π
f˜(ω)e−iωu, f−(u) = (f+(u))∗ (5.28)
and ask what is the u→ +∞ asymptotics of f±(u). This can be evaluated by considering
the Fourier transform of ∂uf
± and then integrating. One finds
f±(u) u→+∞=
c+
2
± log u
2πi
(c+ − c−) + . . . (5.29)
11One way to see the validity of (5.24) is to write f(u)
|u|→∞
= c+θ(u) + c−θ(−u) + · · · where θ(u) is the
step function. The first two terms in (5.24) are the Fourier transforms of θ(±u).
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where the dots can include a purely imaginary u0 piece plus subleading terms. We can
now express the log u coefficient by means of Eq. (5.26). Since f±(u) only knows about
positive/negative values of ω, this coefficient is related to the “soft Fourier mode” via,
c+ − c− = −i lim
w→0±
ωf˜(ω). (5.30)
This can be seen as follows. Consider
∂uf
+(u)
u → +∞
= 12πiu(c
+ − c−) + . . . (5.31)
Using Fourier transform we also know that
∂uf
+(u) = 12πi
∫
dω (ωf˜(ω)) e−iωu
= 1+2πu
∫
dω (ωf˜(ω)) ddω e
−iωu
= 1+2πu
[ ∫
dω ddω ( ωf˜(ω)e
−iωu ) − ∫ dω ddω (ωf˜(ω) e−iωu] (5.32)
Thus in u → ∞ limit,
1
2πiu(c
+ − c−) u→+∞= 1+2πu
[ ∫
dω ddω (ωf˜(ω)e
−iωu) − ∫ dω ddω (ωf˜(ω)) e−iωu]
= − 12πu limω→0+ ωf˜(ω)
(5.33)
Thus we see that starting from f+(u), we have
( c+ − c− ) = −i lim
ω→0
ω f˜(ω) (5.34)
We can similarly show that starting from f−(u), one gets,
c+ − c− = −i lim
ω→0−
ωf˜(ω) (5.35)
This proves Eq.(5.30).
Writing f(u) = f+(u) + f−(u) we finally find
f(u)
u→+∞
= c+ + log u
ln
f + . . . (5.36)
with
ln
f = − 1
2π
lim
ω→0+
ω(f˜(ω) + f˜(−ω)). (5.37)
By applying the above considerations to AA(u, xˆ) and using the relation between A˜A(ω, xˆ)
and the photon Fock operators [5]
A˜z(ω, xˆ) =

1
4πi
√
2
1+|z|2a+(ω, xˆ) for ω > 0
− 14πi
√
2
1+|z|2a
†
−(−ω, xˆ) for ω < 0
(5.38)
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one arrives at Eq.(5.21).
ln
Az¯ is given by a similar expression with + and − interchanged.
For later purposes, it will be useful to rewrite the expression for
ln
AA as
ln
AA =
1
2πi
([AA]
+ − [AA]−) (5.39)
where
[AA(xˆ)]
± = −i lim
ω→0±
ωA˜A(ω, xˆ) (5.40)
is the evaluation of [AA] using only positive/negative frequencies.
12 In terms of these
quantities, we can express Eq. (5.18) as
Ahomτ (y) = −
1
4π2i
∫
d2qˆ log(−Y · q)(DA[AA(qˆ)]+ −DA[AA(qˆ)]−). (5.41)
5.2 Quantization of the hard charge
Having derived the quantum operator associated to
ln
Az (or more generally
ln
AA), we are in
a position to quantize Qhard[V ], which as we recall, is given by
Qhard[V ] = −e
2
m
∫
d3y n(y) V α(y) ∂αAτ (y) (5.42)
where
n(y) =
m2
2(2π)3
[b†(y)b(y) + c†(y)c(y)]
is the number-density operator and
Aτ (y) = A
j
τ (y) + A
hom
τ (y) (5.43)
given in Eqs.(5.13), (5.18). Let
|out〉 = |(e1, y1), (e2, y2), · · ·〉 (5.44)
be an ‘out’ state consisting of particles with momenta labeled by y1, y2, · · · and electric
charge e1, e2, · · · where ei = ±e for a particle/antiparticle. The action of n(y) on such
state is easly obtained from the Fock commutation relation:
n(y)|out〉 =
∑
a∈out
δ(3)(y, ya)|out〉, (5.45)
from which we find13
Qhard|out〉 = −e
2
m
∑
a∈out
V α(ya)
∂
∂yαi
Aτ (ya)|out〉. (5.46)
12That is, limω→0+ ωA˜z(ω) ∼ limω→0 ωa−(ω) and limω→0− ωA˜z(ω) ∼ − limω→0 ωa
†
+(ω)
13There is a subtelty here in that n(y) and Ajτ (y) do note commute. Thus, strictly speaking, Eq. (5.46) is
only valid for an operator ordering where n(y) appears to the right of Ajτ (y). The action for the corrected,
normal ordered operator, can however be easily obtained from Eq. (5.46), see Eq. (5.51) and footnote 14.
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We next need to compute the action of Aτ (yi) on the out state. Rather than doing so
directly, we will consider the computation within S matrix elements,
〈out|QhardS|in〉 = −e
2
m
∑
a∈out
V α(ya)
∂
∂yαa
〈out|Aτ (ya)S|in〉, (5.47)
as this will bring out simplifications and will suffice for the evaluation of Ward identities.
We write
〈out|QhardS|in〉 = 〈out|Qhardj S|in〉+ 〈out|QhardhomS|in〉 (5.48)
to denote the contributions from Ajτ and Ahomτ respectively. The first contribution can be
evaluated from the action of
0
jτ (y
′) on the out state,
0
jτ (y
′)|out〉 = −
∑
a∈out
eaδ
(3)(y′, ya)|out〉 (5.49)
together with Eq. (5.13)
Ajτ (y) =
1
4π
∫
d3y′
( Y · Y ′√
(Y · Y ′)2 − 1 + 1
)0
jτ (y
′), (5.50)
leading to14
〈out|Qhardj S|in〉 =
e2
4πm
∑
a,b∈out
eb V
α(ya)
∂
∂yαa
(
Ya · Yb√
(Ya · Yb)2 − 1
)
〈out|S|in〉. (5.51)
We now evaluate the second contribution,∫
d3y V α(y) 〈out|n(y)∂αAhomτ (y)S|in〉
= −e
2
m
∑
a∈out
V α(ya)
∂
∂yαa
〈out|Ahomτ (ya)S|in〉
(5.52)
The action of Ahomτ in the above equation can be evaluated by noting that (5.41) is closely
related to the leading soft charge [19].
Qsoft0 [λ] :=
1
2
∫
d2qˆλ(qˆ)(DA[AA(qˆ)]
+ +DA[AA(qˆ)]
−). (5.53)
Let us see why this is the case. Consider a specific choice of the celestial function λ given
by,
λa(qˆ) := log(−q · Ya). (5.54)
Taking this function as a (leading) large gauge parameter,15 the corresponding gauge pa-
rameter at time infinity is given by [9]
Λa(y) :=
1
4π
∫
d2qˆ
λa(qˆ)
(q · Y )2 . (5.55)
14The correct, normal ordered charge yields Eq. (5.51) with the divergent j = i terms absent. We will
implicitly assume the restriction j 6= i on the double sum.
15Note that the sub-script a indicates a point on the hyperboloid and is not a co-vector index
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We then have
〈out|Ahomτ (ya)S|in〉 = −
1
4π2i
〈out|2Qsoft0 [λa]S|in〉
= − 1
4π2i
∑
b
ebΛa(yb) (5.56)
where we used the leadingWard identity together withQsoft0 [λ]S = −SQsoft0 [λ]. The integral
(5.55) can be shown to be given by
Λa(y) =
1
2
Y · Ya√
Y · Y 2a − 1
log
(
Y · Ya +
√
Y · Y 2a − 1
Y · Ya −
√
Y · Y 2a − 1
)
+ terms independent of ya. (5.57)
Substituting eqn. (5.56) in RHS of eqn. (5.52) we get,
〈out|Qhardhom [V ] S |in〉 =
e2
4π2im
∑
a∈out,b
eb V
α(ya)∂αΛa(yb) 〈out| S |in〉 (5.58)
We can similarly evaluate 〈out| S Qhard[V ]|in〉 and combining the result with eqns.
(5.51, 5.58 ) we get,
〈out| [Qhard[V ], S] |in〉 =
e2
4πm
(∑
a,b∈out eb V
α(ya)
∂
∂yαa
(
Ya·Yb√
(Ya·Yb)2−1
)
− out↔ in
)
e2
4πim
(∑
a∈out,b −
∑
a∈ in,b
)
eb V
α(ya)∂αΛa(yb)
〈out|S|in〉.
(5.59)
We can re-express the RHS of the above equation in a more compact form as follows.
Let
s1(Ya, Yb) = + e
2eb
Ya·Yb√
(Ya·Yb)2−1
if (a, b) ∈ out
= − e2eb Ya·Yb√
(Ya·Yb)2−1
if (a, b) ∈ in
= 0 otherwise
(5.60)
and
s2(Ya, Yb) = −i eb Λa(Yb) ∀ a ∈ out
= i eb Λa(Yb) ∀ a ∈ in (5.61)
We then have
〈out| [Qhard[V ], S] |in〉 =
e2
4πm
∑
a,b V
α(ya)
∂
∂yαa
(s1(Ya, Yb) + s2(Ya, Yb)) 〈out|S|in〉 (5.62)
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6 Ward identity and Sahoo-Sen subleading theorem
Let S =
∑∞
n=0 S(n) where
∑N
n=0 S(n) denotes the (loop-corrected) S matrix operator up
to order O(e2N ) . S(0) is the tree-level S matrix. The ward identity for Q[V ] can then be
written in a loop expansion as,
〈out|[ Qsoft[V ], S(n) ]|in〉 = −〈out|[ Qhard[V ], S(n−1) ]|in〉 (6.1)
Whence the Quantum-corrected Ward identity (for the sub-leading charge) in scalar
QED is given by,
〈out|[ Qsoft[V ], S(n) ]|in〉 = − 14πm
∑
a,b V
α(ya)
∂
∂yαa
(s1(Ya, Yb) + s2(Ya, Yb)) 〈out|S(n−1)|in〉
(6.2)
We now claim that this Ward identity is equivalent to the Sahoo-Sen sub-leading Soft
photon theorem in Scalar QED.
Let us for simplicity, specialise to 1-loop S matrix. In this case, the Ward identity
gives ,
〈out|[ Qsoft[V ], St]|in〉 = 0
〈out|[ Qsoft[V ], Sl ]|in〉 = −〈out|[ Qhard[V ], St ]|in〉 (6.3)
The first of the above two equations can be re-written as,
lim
ω→0
∂ωω
2∂ωMtreen+1(p1, . . . , pn, k) = 0 (6.4)
which is consistent with the tree-level soft photon theorem which has no lnω term.
The second equation yields a “1-loop corrected” Ward identity, which using eqn.(5.62)
can be written as
〈out|[ Qsoft[V ], Sl ]|in〉 = − e
2
4πm
∑
a,b
V α(ya)
∂
∂yαa
(s1(Ya, Yb) + s2(Ya, Yb)) 〈out|St|in〉
(6.5)
We will now show how this Ward identity is equivalent to the logarithmic sub-leading
soft photon theorem for 1-loop QED scattering amplitude.
lim
ω→0
∂ωω
2∂ω Mln+1(out, in, k) =
∑
a,b
S(ln)(pa, pb) Mtn(out, in) (6.6)
The LHS of eqn.(6.6) contains a 1-loop corrected scattering amplitude which is infra-
red divergent and is regularised in [4] using the technique developed by Grammer-Yennie in
[17]. The RHS contains a logarithmic soft factor multiplying tree-level scattering amplitude
given in eqn. (1.1). Thus formally, the soft theorem has the same structure as the sub-
leading Ward identity. We now show that they are equivalent. Following the same steps
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leading to the tree-level Ward identity (4.25), we arrive at the following form for eqn. (6.5).
1
4π
lim
ω→0
∂ωω
2∂ω
∫
d2wV wD2w
√
2
(1 + |w|2)MN+1(ω) = −i
e2
m
∑
a,b∈out
ebs(ya, yb)MN−(out↔ in)
(6.7)
To obtain the soft theorem, we choose V w as in Eq. (4.33) so that the LHS of (6.7) becomes
LHS = lim
ω→0
∂ωω
2∂ωMN+1(p1, . . . ; (ωqˆ(w0, w¯0), ǫ−)). (6.8)
On the other hand, for this choice of V w we have
V α∂α = −(q · Y )−1ǫµ−qνJαµν(y)∂α, (6.9)
which was the identity that allowed us to recover the subleading tree-level soft theorem
from the Ward identity. Going back to the definition for s1(y, y
′) + s2(y, y′) given in
eqns.(5.60) and (5.61) we can readily show that the RHS of (6.7) is precisely given by RHS
of eqn. (6.6).
Several comments are in order.
• Rather remarkably, the quantum piece in the log corrected soft photon theorem which
includes sum over all pairs of particles naturally arises due to a Quantum correction
to the hard charge. In [4], it was shown that this quantum piece is small when back-
reaction effect of emitted radiation on scattering particles can be neglected. We see
that even from the perspective of Asymptotic charge, the quantum correction to the
hard charge is small when particles suffer small deflection. This is due to the fact
that this hard charge is governed by leading soft photon factor which vanishes in the
limit of vanishing deflection of scattering particles.
• We recall that the central beast in our derivation of Qhard[V ] is Aτ = Ajτ + Ahomτ .
As we show in section 7, Aτ has a clear relationship with Kulish-Faddeev Dressing
factor.
• As the hard charge is quartic in matter operators, The algebra generated by Q[V ] is
not understood and hence we so far lack any understanding of Asymptotic symmetry
associated to the conservation laws.
7 Relationship with KF dressing
One of the key concerns regarding symmetries of S-matrix in QED and Quantum Gravity
comes from the fact that in four dimensions due to infra-red divergences the S-matrix does
not exist and is only a formally defined object. Of course, as soft theorem is really a
statement concerning ratios of two Scattering amplitudes (involving amplitudes with and
without soft particle), it is a well defined statement even in the absence of a well-defined
S matrix [4]. However when it comes to formulating statements about symmetries of S-
matrix, we need a well defined S matrix!
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If we restrict our analysis to tree-level scattering amplitudes, this issue does not arise as
there are no IR divergences but in the current example, when we are trying to understand
loop corrected soft theorems as Ward identities, this issue becomes relevant. As is well
known, in the case of QED (and Gravity) one can in fact define infra-red finite S matrix
with more careful treatment of the charged scattering states which acquire a dressing
due to long range Coulombic effect. Whence the question we would like to ask is, if the
Ward identities associated to the conservation laws are equivalent to Sahoo-Sen subleading
theorem when evaluated in dressed states. Although we do not answer this question in this
paper, we show how the above mentioned dressing is directly related to the Asymptotic
matter fields at time-infinity. This observation may be of some relevance when analysing
these Asymptotic symmetries in dressed states.
We now show that the dressing of the scalar field described in the paper can be recov-
ered from the analysis of Kulish and Faddeev [10]. We will partly follow the KF treatment
as presented in [18].
In the KF formulation, the creation and annihilation Fock operators associated to the
matter field are dressed due to the fact that the asymptotic Hamiltonian is not free. The
dressing is implemented by conjugation with eR(t) eiΦ(t), where Φ(t) is a Hermitian operator
that captures the Coulombic force between charged particles and R(t) is an anti-Hermitian
operator that describes the “photon cloud” surrounding the charged particles. The two
operators commute and so one can consider their effect separately. It is found that their
action on the particle annihilation operator b(p) produces a phase:
e−iΦ(t)b(p)eiΦ(t) = eiα1(p)b(p) (7.1)
e−R(t)b(p)eR(t) = eiα2(p)b(p), (7.2)
with16
α1(p) = − ln t e
2
4π
∫
d˜p′
p · p′√
(p · p′)2 −m4
(
b†(p′)b(p′)− c†(p′)c(p′)
)
(7.3)
α2(p) = e
∫ t
dt′
pµ
p0
Aµ(xν = t
′pν
p0
), (7.4)
where d˜p = d
3~p
2(2π)3|~p| and Aµ the free photon field,
Aµ(x) =
∫
d˜p′ aµ(p′)eip
′·x + h.c. (7.5)
The late time asymptotic Kulish-Faddeev field is then obtained by incorporating the
phases in the mode expansion, which modulo operator ordering is given by17
ϕKF(x) =
∫
d˜p eiα1(p)eiα2(p)
(
b(p)eip·x + c†(p)e−ip·x
)
. (7.6)
16We adapt the formulas of [10, 18] to the normalization of Fock operators used here: b(p)here =√
2p0(2π)3/2b(p)there.
17The phase for c†(p) should actually appear multiplying on the right. We are ignoring operator orderings
since our aim is to compare with the classical expression (3.7).
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To compare with the time-infinity asymptotics used in the paper, we need to take the
τ → ∞, Y µ =const. limit of (7.6). In this limit the momentum integral localizes in
p = mY and one finds
ϕKF(τ, y)
τ→∞
= eiα1(y)eiα2(y)ϕfree(τ, y) (7.7)
where α(y) ≡ α(pµ = mY µ).
Comparison with (3.7) shows that, in order for the two expressions to coincide we
should have
α1(y) + α2(y)
τ→∞
= e ln τAτ (y). (7.8)
We show below that (7.8) is satisfied modulo y-independent terms. This suffices for our
purposes since the charges depend on Aτ through ∂αAτ and is thus insensitive to such
“constant” (constant on the hyperboloid) terms. 18
Writing α1 in (7.3) in terms of p = mY and p
′ = mY ′, using d
3~p
|~p| = m
2d3y and
comparing with (5.13) one finds
α1(y) = e ln τA
j
τ (y) +
e
4π
ln τ Qˆ (7.9)
where Qˆ is the total electric charge operator. This term corresponds to the Coulumbic
potential due to the total charge, Aτ = 1τ Q4π .
We now discuss α2. Substituting (7.5) in (7.4) and using the prescription
∫ t
dt′eist′ =
1
ise
ist we can see the t′ integral leads to
α2 = −ie
∫
d˜p′
pµ
p · p′aµ(p
′)eit
p·p′
p0 + h.c. (7.10)
We now split the p′ integral into angular and energy integrals. Writing p′µ = ωqµ with
q = (1, qˆ) the expression becomes
α2 = − ie
2(2π)3
∫
d2qˆ
pµ
p · q
∫ ∞
0
dωaµ(ωq)e
iω p·q
p0
t
+ h.c. (7.11)
Writing
aµ(ωq)
ω→0+
=
1
ω
asoft+µ (qˆ) + · · · , (7.12)
the ω integral can be evaluated using
∫∞
0 dωω
−1eisω = − ln s, leading to
α2 = ln t
ie
2(2π)3
∫
d2qˆ
pµ
p · q a
soft+
µ (qˆ) + h.c. (7.13)
To compare with Ahomτ we need to find the relation between aµ(p′) and the free data at
null infinity. Recall aµ(p
′) in (7.5) is given by
aµ(p
′) = ǫ−µ (p
′)a+(p′) + ǫ+µ (p
′)a−(p′) (7.14)
18The field strength is also independent of such terms.
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where ǫ±µ (p′) are positive/negative helicity polarization vectors and a±(p′) the correspond-
ing Fock operators. Let us for concreteness consider the polarization vectors used in [5]
ǫ+µ = ∂z(Ωqµ), ǫ
−
µ = ∂z¯(Ωqµ) (7.15)
where we recall that Ω = (1+ zz¯)/
√
2 and p′µ = ωqµ as before. Using the relation between
Fock operators and (Fourier transformed) radiative data Az given in Eq.(5.38) one finds
aµ(ωq) = 4πiΩ
−1 DA(Ωqµ)A˜A(ω, qˆ), (7.16)
from where it immediately follows that
asoft+µ (qˆ) = −4πΩ−1 DA(Ωqµ)[AA(qˆ)]+. (7.17)
with [AA(qˆ)]
+ defined in Eq. (5.40). Substituting in (7.13), integrating by parts and
evaluating at pµ = mY µ we arrive at
α2(y) = e ln τ
i
(2π)2
∫
d2qˆ ln(−Y · q)DA[AA(qˆ)]+ + h.c. (7.18)
Comparing with (5.41) we conclude that
α2(y) = e ln τA
j
τ (y) + y-independent term (7.19)
where the “y-independent” piece corresponds to the one appearing in Eq. (5.18).
Thus, Eqs. (7.3) and (7.19) imply relation (7.8) holds modulo pure gauge (y-independent)
terms.
8 Conclusion and Open questions
Analyzing Physics of gauge theories at spatial infinity appears to offer an interesting per-
spective for analysing the infinite dimensional Asymptotic symmetries which constrain the
scattering amplitudes of the theory in the IR sector. Most of the work in this subject has
focused on understanding the relationship between soft theorems, Asymptotic symmetries
and classical effects like the memory by focusing on symmetries of tree-level scattering
amplitudes. For leading soft theorems and associated asymptotic symmetries (like large
U(1) gauge transformations at celestial sphere) this is not an issue as soft theorems and
the corresponding Asymptotic charges are protected against (infra-red divergent) loop cor-
rections.19 As [4] have shown, the sub-leading soft theorems in Four dimensions gets
“non-perturbatively” corrected by infra-red effects and in fact a new soft factor appears
at O(lnω) . In this paper we have shown that the story established at tree level, namely
an equivalence between infinity of conservation laws and sub-leading soft photon theorem
continues to hold even when sub-leading soft photon theorem receives log corrections. We
believe that the charges derived here may be associated to divergent large gauge transfor-
mations [15, 19, 21] but a detailed analysis of this issue remains to be done.
19This is no longer true in Non-Abelian gauge theories in four dimensions [1]
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Many questions remain open. Although the conserved charges are well defined in
classical as well as Quantum theory, their action on radiative data is not clear. A naive
analysis shows that the action of Qsoft[V ] on the Ashtekar-Struebel radiative data is trivial!
Furthermore, the action of Qhard[V ] on massive matter does not shed light on the nature
of the symmetry. It is also important to notice that as the hard charge is quartic in the
(matter) field, their Poisson brackets do not appear to close to form an Algebra. Hence the
nature of the symmetry associated to the conservation laws derived in this paper remains
unclear.
In this paper we focussed on sub-leading soft photon theorem in the absence of gravi-
tational interaction. As was shown in [4], the loop corrected soft photon theorem receives
further correction once Gravitational drag effect on outgoing soft radiation is taken into
account. It will be interesting and highly non-trivial to understand this modification from
the perspective of Asymptotic charges. This issue is currently under investigation [22].
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A Green’s functions
One way to obtain the Green’s function Gαβ is by expanding in 1/τ the standard Minkowski
spacetime Green’s function. We start with Maxwell equations in Lorentz gauge,
Aµ = −jµ, (A.1)
and write the corresponding retarded solution,
Aµ(x) =
1
2π
∫
d4x′θ(t− t)δ((x− x′)2)jµ(x′). (A.2)
We next express (A.2) in terms of hyperbolic coordinates. Writing xµ = τY µ, x′µ = τ ′Y ′µ
and defining
σ := −Y µY ′µ (A.3)
one has
d4x′ = dτ ′d3y′τ ′3, (A.4)
δ((x − x′)2) = 1
2τ
√
σ2 − 1(δ(τ
′ − τ+) + δ(τ ′ − τ−)) (A.5)
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where
τ± = τ(σ ±
√
σ2 − 1). (A.6)
One can check that the τ+ and τ− roots correspond to advanced or retarded boundary
conditions respectively, so only the second one will be relevant in the present discussion.
The idea now is to substitute the 1/τ ′ expansion of the current on the RHS of (A.2)
and evaluate the τ ′ integral with the Dirac delta function to obtain a 1/τ expansion for
the vector potential. For the O(e) fall-offs, the cartesian components of the current and
vector potential have an expansion of the form
Aµ(τ, y) =
1
τ
0
Aµ(y) +
1
τ2
1
Aµ(y) + · · · (A.7)
jµ(τ, y) =
1
τ3
0
jµ(y) +
1
τ4
1
jµ(y) + · · · (A.8)
Performing the τ ′ integral one finds
1
Aµ(y) =
∫
d3y′g(−Y · Y ′)
1
jµ(y
′) (A.9)
where
g(σ) :=
1
4π
1√
σ2 − 1
1
(σ −√σ2 − 1) (A.10)
From (A.9) we can obtain the Green’s function Gβα of Eq. (4.11) as follows. The carte-
sian current components of the current are expressed in terms of hyperbolic components
according to
jµ = −Yµjτ + 1
τ
DαYµjα, (A.11)
whereas the hyperbolic components of the vector potential are
Aτ = Y
µAµ, Aα = τ∂αY
µAµ. (A.12)
Substituting in (A.9) and computing the field strength one eventually arrives at
1
F τα(y) =
∫
d3y′g(σ)DαD′βσ
0
jβ(y
′)− ∂α
∫
d3y′g(σ)σ
1
jτ (y
′). (A.13)
This is not explicitly in the form (4.11) but it can be brought into this form by using Eq.
(3.20) to express
1
jτ in terms of the divergence of
0
jβ and integrating by parts.
Studying the ρ→ ∞ limit of (A.13) one finds the desired asymptotic behavior (4.12)
with
GαB(y; qˆ) =
1
8π
(−q · Y )−3Jαµν(y)LµνB (qˆ) (A.14)
where Jαµν = YµDαYν − (µ↔ ν) and LµνB = qµDBqν − (µ↔ ν) are the Lorentz generators
on the hyperboloid and sphere respectively.
Finally, it is interesting to compute the ρ→∞ asymptotics of (A.14) by means of the
identities [20]
(−q · Y )−3 ρ→∞= 4πρδ(2)(xˆ, qˆ) (A.15)
JAµν(y)L
µν
B (qˆ)|qˆ=xˆ
ρ→∞
= −ρ−2δAB (A.16)
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leading to
GAB(y; qˆ)
ρ→∞
= −1
2
ρ−1δABδ
(2)(xˆ, qˆ). (A.17)
This limiting behavior can be used to obtain the massless subleading soft factor from the
massive one (see comment in footnote 6).
A.1 Log-corrected fields
Repeating the calculation above for the logarithmic corrected τ -fall offs one finds
ln
F τα(y) =
∫
d3y′Gβα(y; y′)
ln
j β(y
′) (A.18)
1
F τα(y) = ∂αY
µ
∫
d3y′(1− ln(σ −
√
σ2 − 1))g(σ)
ln
j µ(y
′) +
∫
d3y′Gβα(y; y′)
0
jβ(y
′) (A.19)
with
ln
jµ = −Yµ
ln
j τ +DαYµ
ln
j α (A.20)
= Dα(Yµ
ln
j α), (A.21)
where in the last equality we used Eq. (3.13).
Since
ln
F τα has the same form as the tree-level
1
F τα, with
ln
j playing the role of
0
jβ, we
conclude
ln
F τA(ρ, xˆ)
ρ→∞
=
1
ρ
ln,0
F τA(xˆ) (A.22)
with
ln,0
F τA(xˆ) =
∫
d3y′GβA(y
′; xˆ)
ln
j β(y
′). (A.23)
In order to obtain
0 ln
F+rA from the (r, u)↔ (τ, ρ) change of coordinates we would also need
to discuss the ρ → ∞ expansion of
1
F τA. Since this procedure is quite cumbersome, we
follow in the next section a simpler route for obtaining
0 ln
F+rA in terms of the current at
time-infinity.
A.2 Eq. (3.34)
From the field equation at null infinity (5.3) we know the lnu coefficient of
0
F rz(u, x) is
related with the 1/u coefficient of Az(u, xˆ) by
0 ln
F rz(xˆ) = −DzDz¯
1
Az¯(xˆ) (A.24)
The idea now is to evaluate
1
Az¯ directly from (A.2). For this purpose we write x
µ in retarded
coordinates and x′µ in hyperboloid coordinates:
xµ = r(1, xˆ) + u(1,~0) (A.25)
x′µ = τY µ (A.26)
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introducing the notation qµ = (1, xˆ) we have
− (x− x′)2 = 2r(u+ τ ′q · Y ′) +O(r0). (A.27)
Substituting in (A.2) we find
Aµ(x) =
1
4πr
∫
dτd3yτ3δ(u + τq · Y )jµ(τ, y) +O(1/r2) (A.28)
We now consider the τ →∞ expansion of the current
τ3jµ(τ, y) =
0
jµ(y) +
ln τ
τ
ln
jµ(y) +
1
τ
1
jµ(y) + · · · (A.29)
and evaluate the τ integral with the delta function. This yields a u→∞ expansion of the
form
Aµ(x) =
1
r
(
0
Aµ(xˆ) +
lnu
u
ln
Aµ(xˆ) +
1
u
1
Aµ(xˆ) + · · ·
)
+O(1/r2) (A.30)
There appears to be a new lnu/u term, however
ln
Aµ(xˆ) =
1
4π
∫
d3y
ln
jµ(y) = 0 (A.31)
because
ln
j µ is a total derivative (Eq. (A.21)). The term of interest for us is
1
Aµ(xˆ) =
1
4π
∫
d3y
(
− ln(−q · Y )
ln
j µ(y) +
1
jµ(y)
)
, (A.32)
with
ln
jµ given in (A.21) and
1
jµ = −Yµ
1
jτ +DαYµ
0
jα (A.33)
= YµDα
ln
j α +Dα(Yµ
0
jα) (A.34)
where in the second equality we used Eq. (3.13) and
1
jτ =
ln
j τ −Dα
0
jα as implied by current
conservation. Substituting these expressions in (A.32) and rearranging terms one finds
1
Aµ
can be written as
1
Aµ(xˆ) =
1
4π
∫
d3y (q · Y )−1qνJαµν(y)
ln
j α(y) (A.35)
where Jαµν(y) = YµDαYν − YνDαYµ. We finally need to evaluate
1
Az¯ = ∂z¯q
µ
1
Aµ (A.36)
Comparing with (4.27) we see that
1
Az¯ is essentially given by the tree-level subleading
soft factor. We can then use the identity (4.29) to evaluate the sphere derivatives (A.24)
(written as DzD
z¯ = γzz¯D
2
z). This leads to
0 ln
F rz(xˆ) = − 1
8π
∫
d3y (q · Y )−3Lµνz (xˆ)Jαµν(y)
ln
j α(y). (A.37)
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